A striking characteristic of non-Schwarzschild vacuum exteriors is that they contain not only the total gravitational mass of the source, but also an arbitrary constant. In this work, we show that the constants appearing in the "temporal Schwarzschild", "spatial Schwarzschild" and "Reissner-Nordström-like" exteriors are not arbitrary but are completely determined by star's parameters, like the equation of state and the gravitational potential. Consequently, in the braneworld scenario the gravitational field outside of a star is no longer determined by the total mass alone, but also depends on the details of the internal structure of the source. We show that the general relativistic upper bound on the gravitational potential M/R < 4/9, for perfect fluid stars, is significantly increased in these exteriors. Namely, M/R < 1/2, M/R < 2/3 and M/R < 1 for the temporal Schwarzschild, spatial Schwarzschild and Reissner-Nordström-like exteriors, respectively. We find that stellar models embedded in such exteriors are very diverse and rich in structure: For regular stars the deviation from the Schwarzschild exterior metric is automatically negligible, but in other limits they allow the existence of new kinds of stellar models, which have no general relativistic counterpart. Regarding the surface gravitational redshift, we find that the general relativistic Schwarzschild exterior as well as the braneworld spatial Schwarzschild exterior lead to the same upper bound, viz., Z < 2. However, when the external spacetime is the temporal Schwarzschild metric or the Reissner-Nordström-like exterior there is no such constraint: Z < ∞. This infinite difference in the limiting value of Z is because for these exteriors the effective pressure at the surface is negative. The results of our work are potentially observable and can be used to test the theory.
Introduction
In four-dimensional general relativity the spacetime outside of an isolated spherical star, without rotation, is described by an unique line element, which is the Schwarzschild metric. The relevance of this is that the gravitational field outside of such a star depends solely on its total gravitational mass.
Today, there are several theories that envision our world as embedded in a larger universe, with more than four dimensions [1] - [15] . Although these theories have different purposes and motivations, they share a number of features [16] , and face the same challenge, namely the prediction of observable effects in 4D caused by new physics from the extra dimensions.
The study of the stellar structure, in the context of these theories, might constitute an important approach to reach this goal. However, there is a fundamental limitation. Namely, that there are many ways of producing, or embedding, a 4D spacetime in a given higher-dimensional manifold, while satisfying the field equations [17] . As a consequence, the effective picture in four dimensions allows the existence of different possible non-Schwarzschild scenarios for the description of the spacetime outside of a spherical star.
A striking characteristic of non-Schwarzschild vacuum exteriors is that, besides the total gravitational mass, they also contain an arbitrary constant. Which suggests that the gravitational field outside of a star is no longer determined by the total mass alone. This gives rise to a number of questions, e.g., what is the nature of the constants in non-Schwarzschild exteriors?, are they absolute physical constants?, are they related to the source?
In this work we examine these questions in the context of various non-Schwarzschild vacuum exteriors in fivedimensional braneworld theory, namely, the so-called "temporal" and "spatial" Schwarzschild metrics as well as the "Reissner-Nordström-like" exteriors. With this aim we assume a simple model for the stellar interior and then use the matching conditions at the boundary to relate the internal and external metrics. We concentrate our attention on the following questions.
(1) Can we relate the constants in non-Schwarzschild exteriors to the structure of the source? (2) On general grounds, can we restrict the value of these constants? (3) Do these exteriors impose some limit on the gravitational potential, similar to the general relativistic limit M/R < 4/9? (4) Do they change or eliminate the general relativistic upper bound Z < 2 on the surface gravitational redshift?
We are not going to discuss here the coupling of these metrics to the bulk geometry. Finding an exact solution in 5D that is consistent with a particular induced metric in 4D is not an easy task. However, the existence of such a solution is guaranteed by Campbell-Maagard's embedding theorems [18] , [19] . This paper is organized as follows. In section 2 we choose a model for the stellar interior. We adopt one that is similar to the general relativistic model for a sphere of homogeneous incompressible perfect fluid. These models are specially suitable for our work because they are continously connected to the Schwarzschild interior solution, which serves as limiting case for a wide class of stellar models. Therefore, this choice allows us to compare and contrast the properties of stars embedded in a non-Schwarzschild braneworld vacuum with some well-known properties of stars in ordinary general relativity.
In this framework, we will show here that the constants appearing in the above-mentioned non-Schwarzschild exteriors are not universal constants but change from one star to another, depending on the gravitational potential and the equation of state at the stellar core.
In section 3 we consider the temporal Schwarzschild vacuum exterior. The most interesting feature of this exterior is that, contrary to general relativistic perfect fluid models, the gravitational potential of a star can get as near as one wants to 1/2. That is, there is no an upper limit on the surface gravitational redshift. This is a consequence of the non-local stresses induced in 4D from the Weyl tensor in 5D, which allow the presence of negative (effective) pressures inside a star. Another important result is that the deviation from the Schwarzschild exterior becomes negligible for any star which, like our sun, is matter dominated and has a small gravitational potential.
In section 4 we consider the spatial Schwarzschild exterior. We find two classes of stellar models. One of them is Schwarzschild-like in the sense that it works well for "soft" equations of state at the core and small gravitational potentials. The other model, which we study in more detail, is completely different because it has no a Newtonian limit. In both models, the gravitational potential can approach 2/3, but impose the same upper limit on the surface redshift as in general relativity.
In section 5 we consider the Reissner-Nordström-like exterior. In these models, the gravitational potential can approach 1, and there is no upper limit on the redshift of the light emitted from the surface of a star. Again this is allowed by the existence of negative pressure inside the source. In the weak field limit there is no difference with general relativity.
In section 6 we give a summary of our results. We emphasize that for "regular" stars the deviation from the Schwarzschild exterior metric is automatically negligible: it is not an assumption. In addition, we point out that the exteriors considered here allow the existence of two new kinds of stellar models, which have no general relativistic counterpart. One of them is what we call "Quasi-Newtonian" stars, which are stars with small gravitational potential but whose internal pressure, contrary to general relativity, is not negligible compared with the energy density. The second kind of new models are stars with negative pressure through the interior. The possible existence of such models is a consequence of the fact that the non-Schwarzschild exteriors under consideration allow negative pressure at the boundary, while in general relativity the boundary of an isolated star is a surface of zero pressure.
Field equations on the brane
The effective equations for gravity in 4D are obtained from dimensional reduction of the five-dimensional equations (5) 
In particular, in the Randall & Sundrum braneworld scenario [20] , where our universe is identified with a singular hypersurface (called brane) embedded in a 5-dimensional anti-de Sitter bulk ( (5) T AB = −Λ (5) g AB ) with Z 2 symmetry with respect to the brane, the effective equations in 4D are [21] 
where (4) G µν is the usual Einstein tensor in 4D; Λ (4) is the 4D cosmological constant, which is expressed in terms of the 5D cosmological constant Λ (5) and the brane tension λ, as
ǫ is taken to be −1 or +1, depending on whether the extra dimension is spacelike or timelike, respectively; G is the Newtonian gravitational constant 8πG = ǫk
T µν is the energy momentum tensor (EMT) of matter confined in 4D; Π µν is a tensor quadratic in T µν
and E αβ is the projection onto the brane of the Weyl tensor in 5D. Explicitly, E αβ = (5) C αAβB n A n B , where n A is the 5D unit vector (n A n A = ǫ) orthogonal to the brane. This quantity connects the physics in 4D with the geometry of the bulk.
Therefore, giving the EMT of matter in 4D is not enough to solve the above equations, because E αβ is unknown without specifying, both the metric in 5D, and the way the 4D spacetime is identified [22] . In other words, the set of equations (1) is not closed in 4D. The only quantity that can be specified without resorting to the bulk metric, or the details of the embedding, is the curvature scalar (4) R = (4) R α α , because E µν is traceless. In particular, in empty space (T µν = 0, Λ (4) = 0) (4) R = 0.
Solutions to this equation with spatial spherical symmetry, have been discussed by a number of authors. In particular by Dadhich et al [23] , Casadio et al [24] , Viser and Wiltshire [25] , and Bronnikov et al [26] .
Stellar interior
An observer in 4D, who is confined to making physical measurements in our ordinary spacetime, can interpret the effective equations (1) as the conventional Einstein equations with an effective EMT, T ef f µν , defined as
In the case of a static, spherically symmetric distribution of matter in 4D, with metric
the effective density ρ ef f , radial pressure p ef f rad and tangential pressure p ef f ⊥ are expressed in terms of ν and λ as follows
where a prime denotes derivative with respect to the radial coordinate R.
We note that for a perfect fluid source with density ρ and pressure p, from (6) the effective density and pressure are given by (Λ (4) = 0)
We will employ these expressions in our discussion in section 6.
Constant effective density
In this work, we model the interior of a star by the solution of the effective field equations obtained under the assumptions
Thus, inside the star the metric will be the interior Schwarzschild metric [27] , namely
where D, E and a are constants. This simple model, which in general relativity serves as a limiting case for any perfect fluid star 1 , will allow us to make contact with well known results in ordinary general relativity. The effective quantities are (in what follows we set G = 1),
In the next three sections we will study in detail the stellar models that result from the symbiosis between this stellar interior with the braneworld exteriors mentioned in the introduction, namely, the temporal and spatial Schwarzschild metrics as well the Reissner-Nordström-like exteriors.
Schwarzschild exterior
In order to facilitate the discussion, we briefly restate some results for the Schwarzschild exterior metric,
Instead of E and D, it is useful to work with the quantity γ, which is the equation of state in the central region of the star. In the present case 2 ,
In general relativity, the boundary of an isolated star is a spherical surface of zero pressure. Using (14) and (16) we find that the pressure becomes zero at
. On the other hand, continuity of the metric requires R 2 b /a 2 = 2M/R b . Thus, at the boundary surface
For γ → ∞ we recover the famous upper limit
discovered by Buchdahl [30] for all static fluid spheres whose (i) energy density does not increase outward and (ii) the material of the sphere is locally isotropic. This limit sets an upper bound to the gravitational redshift of spectral lines from the surface of any star.
Temporal Schwarzschild exterior
In this section we consider in detail the model of a static spherical star, with an interior described by the line element (13) , whose exterior spacetime is represented by a braneworld vacuum solution known as the temporal Schwarzschild metric, viz.,
where c is an arbitrary dimensionless constant and M is the total gravitational mass measured by an observer at spatial infinity 3 . For c = 1, this metric reduces to the Schwarzschild exterior (15) . The boundary conditions require continuity of the first and second fundamental forms at the surface of a star R = R b . For the case under consideration this amounts continuity of g T T , g RR and
Now, using (16) , continuity of g T T yields
2 To simplify the notation, in what follows we will suppress the "eff" over the matter quantities. 3 In order to avoid misunderstanding, we should immediately note that M = (4π/3)ρ 0 R 3 b , except for the Schwarzschild exterior. More comments about this at the end of this section.
Finally, from the continuity of dg T T /dR we obtain
Combining (20)- (22) we get a an expression for φ, γ and c which can be solved to obtain c as
The sign in front of the root has been chosen positive to make sure that in the Schwarzschild limit φ → φ Schw , where φ Schw is given by (17), we recover c = 1. In (23) the numerator as well as the denominator tend to zero for φ → 1/3 and φ = 1/2. Using L'hopital's rule, in this limit we find
Since the quantity under the root in (23) is positive, it follows that c is a well defined quantity for all values of γ and φ < 1/2.
Range of c
We note that (∂c/∂γ) |φ < 0, i.e., c decreases monotonically with the increase of γ, for every fixed value of φ. Therefore, the maximum value of c is obtained for γ = 0, while its minimum is attained in the limit γ → ∞, namely
, for φ ≤ 0.4, and c
Notice that c Table 1 shows two things. Firstly, that for objects that are more compact than 4/9, the parameter c is practically insensitive to the change in γ, in the whole range 0 < γ < ∞. In fact, for φ = 0.44, φ = 0.49 and φ = 0.499 we find respectively c = 1.19 ± 0.18, c = 1.17 ± 0.08 and c = 1.334 ± 0.001.
Secondly, that for less compact distributions c drastically changes with γ. As an example, if we take φ = 1/3 then −1 < c < 5/3, which is consistent with the limiting value found in (24) . Substituting (23) into (20) and (21), we find that (R b /a), (1 − 3cφ/2) and E are positive and well defined for all values of γ, φ < 1/2 and c. Thus, the temporal Schwarzschild exterior allows, at least in principle, the existence of static spherical objects whose (geometrical) radius R b can be very close to 2M . The natural question to ask here is: what is the physical mechanism that prevents the gravitational collapse of such compact stars? The answer to this question will be given in section 3.4
Braneworld exterior with c ≈ 1
In a model with c ≈ 1, one would expect the gravitational potential φ, as well as the equation of state, of a braneworld star not to be very much different from their Schwarzschild values. Therefore, it makes sense to expand (23) in power series around φ Schw and γ Schw . To first order we obtain
This allows us to compare the parameters of a star in the Schwarzschild and the braneworld model under consideration.
It is clear that a star, with a given gravitational potential, in a braneworld model with c > 1 (or c < 1) will have a "softer" (or "stiffer") equation of state than in the Schwarzschild model. Similarly, for a given equation of state, the braneworld model with c > 1 (or c < 1) will produce a more (or less) compact star than the Schwarzschild model. The physical meaning of this will be discussed bellow in section 3.4.
Weak-field approximation
In the weak-field limit the gravitational potential is very small. Thus, from (23) we get
Now we calculate the pressure inside the star. Using (14) , (16) and (20) , in this approximation we find
everywhere inside the star. Notice that, in general, the pressure is not negligible compared with the energy density.
Newtonian stars: In Newtonian astrophysics, as well as in general relativity, the boundary of an isolated star is a spherical surface of zero-pressure. Thus, from (30) it follows that γ = 0 or p = 0 throughout the interior, which in ordinary applications means p ≪ ρ.
"Quasi-Newtonian" stars:
The temporal Schwarzschild exterior does not demand zero-pressure at the boundary. Therefore a small φ in this braneworld exterior, does not necessarily require γ → 0 as in general relativity. Consequently, in principle the temporal Schwarzschild exterior allows the existence of quasi-Newtonian stars which have a small gravitational potential, but are not necessarily dominated by the energy density. This is a pure consequence of the braneworld paradigm and has no counterpart in general relativity. More comments are given in section 6.
3.4 A closer look on stars with c > 1 and c < 1
Let us now discuss the pressure distribution inside the star. From (14) , and using (16) and (20), we obtain
5 We note that for δc = 0, we get δφ/δγ = 2(γ Schw + 1)/(1 + 3γ Schw ) 3 , which coincides with the first derivative of (17), as expected.
In order to evaluate the pressure at the boundary, R = R b , we solve (23) with respect to q:
(Note that for φ = 1/3 we recover (24)). Then we substitute this expression into (31) and after some algebra we get
This expression shows that the pressure at the boundary only becomes zero for c = 1, i.e., for the Schwarzschild exterior. In the braneworld model under study, it is positive for c < 1 and negative for c > 1. In order to grasp this result, let us calculate the average slope of the pressure,
Since, in the Tolman-Oppenheimer-Volkov equation of hydrostatic equilibrium, the gravitational attraction is balanced by the pressure gradient −dp/dR, it follows that the magnitude of (34) can be interpreted as the "average hydrostatic force" against gravitational collapse. Substituting the above expressions we find
It is evident that for c > 1 the (average) hydrostatic force is larger that in the case where c ≤ 0.
As an illustration of this, let us consider a star with an ultra-relativistic core, i.e., γ = 1/3. In the Schwarzschild model (c = 1) this star has φ Schw = 5/18 ≈ 0.278. Thus, 
On the other hand, from (27) it follows that δc = 4.5 × δφ. Substituting above we obtain,
The physical interpretation in this case is clear: a braneworld star with δc > 0 is more compact (δφ > 0) that in the Schwarzschild model, and therefore a larger hydrostatic force is needed to keep the static equilibrium of the star.
Effective matter quantities outside the star
An observer in 4D, who is not directly aware of the existence of an extra dimension, will interpret the metric (19) as if it were governed by an effective EMT,
It satisfies the radiation-like equation of state
which follows from the fact that E αβ is traceless. In addition, we see that the radial pressure is continuous across the boundary of the star.
We would like to finish this section with the following comments:
(i) In general relativity, when the field is time-independent, the gravitational mass M g inside a 3D volume V 3 , is given by the Tolman-Whittaker formula. By virtue of the Einstein field equations, this formula can be expressed in terms of the metric coefficients. For the static metric (7) it becomes
Evaluating this expression for the metric (19) we obtain
Asymptotically, for R → ∞; we get M g (∞) = M , i.e., the total gravitational mass is given by M . The same result can be obtained from the analysis of the geodesic equation in the low velocity approximation.
(ii) The total mass m defined by
where the integration is over the whole space, is different from M , except in the case where c = 1. Indeed after a simple calculation, using (14) , (20) and (39), we obtain
For c = 1, m = M . This is identical to P 0 , the zero component of the four-momentum vector P µ of the body, which is calculated from the asymptotic behavior of the spatial part of the metric. Therefore m = P 0 = M (3 + c)/4 can be identified with the "inertial mass" of the central body and its gravitational fields.
(iii) As a consequence of the boundary conditions (20) , (21) and (22), both the Tolman-Whittaker mass as well as the mass function m(R) = (1 − e −σ(R) )R/2 are continuous across the boundary of the star.
Spatial Schwarzschild exterior
In this section we study the model where the spacetime surrounding an isolated star, which we describe by the line element (13) , is represented by a braneworld vacuum solution known as the spatial Schwarzschild metric, viz.,
where M is the total gravitational mass measured at spatial infinity and b is a dimensionless constant. For b = 1, we recover the Schwarzschild exterior metric. Matching conditions at the boundary R = R b require
Since M > 0, from (46) it follows that E > 0. Consequently, the above equation indicates that b > 0 in this model. Now, substituting (16) into (47) we obtain
from which we get the gravitational potential M/R b , viz.,
The behavior of φ as a function of γ, for various values of b, is shown in Figure 1 . In the Buchdahl limit γ → ∞ we find
which for b = 1 reduces to the Schwarzschild expression (17) .
Calculating b: When we solve (49) with respect to b we obtain two solutions,
and
which correspond to two different physical models 6 . The most evident difference is that models with b = b 1 , as well as the Schwarzschild exterior of general relativity, are compatible with the Newtonian limit (γ ≈ 0, φ ≪ 1). Indeed, in this limit b 1 = 1 automatically. However, this is not the case for models with b = b 2 , for which we get b 2 = 4 in this limit. The behavior of these solutions is illustrated in Figures 2 and 3 .
In order to get a better understanding of the physics behind these two solutions, let us set φ = φ Schw in (51) and (52). We obtain,
Obviously we should get b(φ Schw ) = 1. The result depends on the sign of (1 + γ − 3γ 2 ), namely, Degree of compactification: In order to avoid misunderstanding, we would like to emphasize that in the present model the compactness of a star is not given by φ, but by the deviation of g T T (R b ) from unity. To be more specific, let us consider the case where b ≈ 1 and calculate φ and g T T (R b ) to first order in (b − 1). We obtain,
This explain what we see in Figure 1 . Specifically, for b > 1 we find that φ > φ Schw for "low" values of γ (γ < 0.768), and φ < φ Schw for "high" values of γ (γ > 0.768). However, g T T (R b ) < g In summary, only the braneworld exterior with b = b 2 can be used to model compact stars with and equation of state stiffer than γ = 0.768 and b ≈ 1. In the remaining of this section we will study these models in more detail.
Spatial Schwarzschild exterior with
Thus, if we know the gravitational potential of a given star, then the value of b is determined by the equation of state at the center. However, contrary to models with 9 b = b 1 , not every φ and γ yield a reasonable model for b = b 2 ; they have to satisfy some general conditions. Firstly, the quantity under the root must be non-negative. Which yields a lower limit on γ, namely,
Secondly, we have to make sure that 1 − 2bM/R b is a positive quantity. Substituting (52) into (48) we obtain
Positivity of this quantity requires
This inequality uncovers two important features of the models under consideration.
1. It imposes a lower limit on φ, viz.,
otherwise 1 − 2bM/R b is negative in the whole range 0 ≤ γ < ∞. From a physical point of view, this means that stellar models in a spatial Schwarzschild exterior with b = b 2 have no Newtonian limit.
2. It imposes an upper limit on γ for 0.2 < φ < 1/3 Namely,
which is obtained by solving (58) with respect to γ for φ < 1/3.
From the above expressions we get the range of b for every given value of φ, viz.,
and 4 − 9φ
We note that an increase in φ causes a decrease in the mean value of b, but increases its range 10 . Tables 2 and 3 illustrate these inequalities. For example taking φ = 0.25 we find 0.093 < γ < 1/3. Then b increases monotonically with γ in the range b ∈ (1.72, 2). For this value of φ, the change of b is small compared to its mean value, therefore it can be expressed as b = 1.86 ± 0.14. 
Tables 2 and 3 clearly illustrate this inequality 11 . They also evidence that for the same value of gravitational potential, a braneworld star (with b > 1) is more compact than in the Schwarzschild case and, in principle, it can have a softer equation of state at the core. For example, the first row of table 2 shows that γ ≈ 0 for φ = 0.21, which in usual general relativity requires γ Schw = 0.19.
Models with b ≈ 1
In table 4 we illustrate the approximate values of the parameters γ and b for φ in the range (0.356, 4/9) for which b can be larger or less than 1, depending on the equation of state at the center. This is the only range for which b can be very close to one. Table 4 . (−4 + 2 √ 13)/9 < φ ≤ 4/9: b can be either
What we mean here is that if we represent b as b =b ± ∆b, withb = (b min + bmax)/2 and ∆b = (bmax −b), thenb decreases and |∆b|/b increases with the increase of φ. 11 The gravitational potential φ = (−4 + 2 √ 13)/9 follows from the l.h.s. term in the inequality (64).
Models with b < 1
From (64) we find that
The approximate values of the star parameters for b < 1 in the range for 4/9 < φ < 2/3 are exhibited in table 5. Table 5 . 4/9 < φ < 2/3 φ = 0.445 γ > 2.35 0.623 < b < 0.998 g T T (R b ) = 0.2174 → 1/9 No Schwarzschild counterpart φ = 0.500 γ > 5.00 0.438 < b < 0.750
No Schwarzschild counterpart φ = 0.600 γ > 39.67 0.158 < b < 0.300
No Schwarzschild counterpart These models are interesting, because they have φ > 4/9, and are less compact than the Schwarzschild solution of general relativity 12 in the Buchdahl limit for which φ = 4/9. The case with b < 1 is important because the exterior metric becomes singular at R h = 2M/(2 − b), where R h defines the radius of the event horizon. However, from table 5, it is clear that R h /R b = 2φ/(2 − b) < 1. Tables 3, 4 and 5 show that all models with 1/3 ≤ φ < 2/3, and different values of b, have the same Buchdahl limit, namely g T T (R b ) = 1/9 ≈ 0.11. Models with 0.2 < φ < 1/3 have no Buchdahl limit.
Buchdahl limit
It turns out that this is a general feature of stars with a spatial Schwarzschild exterior. Indeed, substituting (48) in (45), the metric coefficient g T T becomes
From which we obtain
for any value of b. We note that this is the same limiting value found in the Schwarzschild model (18).
Effective matter inside and outside the star
Straightforward calculation, from (14) gives
inside the star. At the boundary R = R b , using (48)
The pressure vanishes at the boundary for b = 1, as expected. Braneworld stars with b > 1 (b < 1) have negative (positive) pressure at the boundary. This is also expected, after the discussion in section 3.4, because models with b > 1 (b < 1) are more (less) compact than the Schwarzschild models.
12 Although this might look atypical, it is completely in agreement with our discussion in (55). 13 We note that (dg T T (R b )/db) |γ < 0.
For completeness we provide the effective density and pressure outside the star
It is not difficult to verify that the radial pressure is continuous across the boundary. We finish this section mentioning the relationship between the total gravitational mass and the inertial mass given by zero component of the fourmomentum vector P µ ,
5 Reissner-Nordström-like exterior
We now study the case where the exterior spacetime is described by the braneworld vacuum solution
which for η = 0 reduces to the Schwarzschild exterior metric. From the continuity of the metric across the boundary surface, and using (47) we get
On the other hand, continuity of dg T T /dR yields
Since E > 0, it follows that either ηφ < 1 or ηφ > 2. In order to keep contact with regular general relativity (η = 0), we assume that ηφ < 1,
which ensures the positivity of mass 14 In addition, because (1 − 2φ + ηφ 2 ) > 0 we obtain
From (75) and (76) we obtain a cubic equation for η, which can be written as
For every given φ and γ this equation yields three possible values for η. The physical solution is the one that satisfies (78). Setting η = 0 we recover the Schwarzschild case. However, if we set φ = φ Schw this equation gives three solutions: one of them is η = 0 and the other two are unphysical because ηφ Schw > 1.
In the Buchdahl limit γ → ∞ we find a simple solution,
Unfortunately, for any finite γ the analytical expression for η, in terms of φ, is extremely cumbersome.
In table 6 we present the numerical (physical) solution of (79) for φ = 1/2 and various values of γ. It illustrates that, for every fixed value of φ, both η and g T T (R b ) decrease, with the increase of γ. We note that for φ < 4/9, η can be either positive or negative: η > 0 (η < 0) for γ < γ (η=0) (γ > γ (η=0) ) given by
For φ ≥ 4/9, η is always positive.
Models with η ≈ 0
For |η| ≪ 1, the solution of (79), to first order in η, can be expressed as
Then, for g T T we obtain
Thus, a braneworld exterior with η > 0 (η < 0) yields more (less) compact stars than in the Schwarzschild model. In this case, the pressure at the boundary is given by
As expected, we find that p(R b ) < 0 (p(R b ) > 0) for η > 0 (η < 0), and p(R b ) = 0 for Schwarzschild.
Weak field approximation
In the weak field limit φ ≪ 1, from (79) it follows that q ≈ 3. Therefore, in the case under consideration φ → 0 demands γ → 0. However, the opposite is not true, i.e., γ = 0 does not require small φ. Thus, contrary to four-dimensional general relativity, braneworld models allow the existence of stars with zero, and even negative, (effective) pressure at the center. In order to grasp this, let us keep in mind that all what is required by the equation of hydrostatic equilibrium is dp/dR < 0. In general relativity, the Schwarzschild exterior demands p = 0 at the boundary, which eliminates stars with negative (isotropic) pressure. However, braneworld stars can have negative pressure at the boundary, providing the negative slope for the pressure necessitated for hydrostatic equilibrium.
Models with η = 1: Extremal Reissner-Nordström-like exterior
From (79) it follows that η → 1 as φ → 1, for all values of γ. In this limit g T T → 0. However, for η = 1 the gravitational potential φ is not necessarily 1; the exterior metric resembles the so-called "extremal ReissnerNordström" metric.
Setting η = 1 in (74) we get
The equation relating φ and γ is obtained from (79), viz.,
It has four solutions: φ 1 = (3 + q)/2; φ 2 = (3 − q)/2 and φ 3 = φ 4 = 1. The solution of interest to us is the one where φ < 1 for all values of γ. It is
Thus, φ ≈ 0 for γ ≈ 0 and φ → 1 for γ → ∞. For completeness we provide the exterior effective quantities
and notice that for this model m = M .
Summary and conclusions
The set of effective equations in 4D does not provide enough information for the complete specification of the geometry in the brane. In the vacuum region outside the surface of a star there is one equation (4) R = 0 for the two metric functions g T T and g RR . This is a second order differential equation for g T T and first order for g RR . Therefore, for any smooth function g T T , solving a first order differential equation we obtain g RR containing an arbitrary integration constant.
As in any other branch of physics, here the constants of integration have to be specified from the initial data and/or boundary conditions. In this work, within the framework of models with uniform effective density, and using standard matching conditions at the boundary surface, we have found that the gravitational potential and the equation of state completely determine the value of the integration constants c, b and η which appear, respectively, in the temporal Schwarzschild exterior, spatial Schwarzschild exterior and Reissner-Nordström-like exterior.
Thus, we have shown that the gravitational field in the braneworld vacuum region outside the boundary surface does depend on the interior structure of a star through the constants c, b and η. However, we have not discussed here the question of how this would affect the motion of test particles. We will discuss this question elsewhere.
The consideration of models with uniform effective density and isotropic effective pressures is motivated by the Schwarzschild interior solution, which sets an upper limit to the gravitational redshift of spectral lines from the surface of any (perfect fluid) star. Besides, their simplicity allows us to obtain manageable analytical expressions. Thus, such models reveal in a simple way the new features incorporated by the deviation from the general relativistic Schwarzschild exterior.
Without specifying an equation of state for the effective matter we cannot calculate the actual value of these constants. Therefore, we have obtained the full range of c, b and η in terms of the gravitational potential. These are given in sections (3.1), (4.1) and equation (78), respectively.
For the sake of generality, we have discussed all possible physical scenarios in the whole range of these parameters. We have found that stars embedded in exteriors with c > 1, b > 1 and η > 0 are more compact than stars in exteriors with c ≤ 1, b ≤ 1 and η ≤ 0.
We demonstrated that such stars must have negative effective pressure, at least, near the boundary in order to provide the pressure gradient required to counterbalance the inward pull of gravity. If the extra dimension is spacelike (ǫ = −1), then the projected Weyl tensor E µν plays a crucial role in the properties of a star. Indeed, assuming that the hydrostatic pressure p is positive, then from (11) it follows that a negative effective pressure inside the source is a direct consequence of a large positive contribution from E If the extra dimension is timelike 15 (ǫ = 1), the role of the Weyl tensor diminishes because the effective density and pressure can become negative in very dense stages, when the quadratic terms in (11) become dominant, independently of the concrete contribution from the Weyl tensor.
It should be noted that the effective matter quantities do not have to satisfy the regular energy conditions [32] , because they involve terms of geometric origin. In particular, the radial effective pressure outside a star can be positive, negative or zero. But this has a strong influence on the interior of the stellar model, because the continuityThe analysis of the spatial Schwarzchild exterior yields two different models, for b = b 1 and b = b 2 . In both models b < 1 for large values of γ. Which means that they have positive pressure at the boundary and are less compact than the Schwarzschild ones, although their gravitational potential is larger than in general relativistic models, viz., (φ → 2/3). In the Buchdahl limit they impose the same lower limit on g T T (R b ) as in general relativity, namely, g T T (R b ) > 1/9. At first sight these properties seem to be counter-intuitive because one would have thought that models with gravitational potential greater than 4/9 would be more compact than those in ordinary general relativity. However, this is not so; models with b < 1 are less compact than in general relativity regardless of φ or the equation of state at the center.
In terms of Z = 1/ g T T (R b ) − 1, the redshift of the light emitted from the boundary surface, both the general relativistic Schwarzschild exterior as well as the braneworld spatial Schwarzschild exterior lead to the same upper bound, namely Z < 2.
However, when the external spacetime is the temporal Schwarzschild metric or the Reissner-Nordström-like exterior there is no such constraint: Z < ∞. This infinite difference in the limiting value of Z is because for these exteriors the pressure at the surface is negative. It is interesting to mention that in Kaluza-Klein gravity the maximum surface redshift is Z KK = 2.478 [33] . Finally, our work demonstrates that non-Schwarzschild exteriors are plenty of new physics, and are more complicated that in general relativity, both because of the number of technical details, and because of the possible new physical models.
